Introduction
Sections 2 and 3 provide a mathematical overview and proper definitions of 65 the commonly used Injury Metrics for TBI. In section 4, the empirical predic-66 tions are presented and three new Injury Metrics are introduced. The new 67 metrics are suggested by physical arguments and by the results obtained. 68 Some discussion of the results is provided in section 5. Most of the mathe-69 matical details are provided in the final Appendix. 
General description

72
An injury metric is a real valued functional of the "acceleration curve" 73 (a(t), α(t)), where a(t) represents the linear acceleration of the center of 74 mass of the head and α(t) the rotational acceleration of the skull. In order 75 to properly define an injury metric we need to specify the domain of definition 76 for this injury metric. Being the arguments a(t) and α(t), we consider first 77 the vector space of all possible linear and rotational accelerations satisfying 78 some regularity conditions. Mathematically, it is convenient for each com-79 ponent of the acceleration to be integrable over time. For these reasons, we 80 consider the Hilbert vector space of [equivalence classes of] square-integrable 81 functions L 2 (R) for each component. A function f (t) ∈ L 2 (R) satisfies:
Thus for the linear accelerations we consider the Hilbert space [given by the 83 Cartesian product L 2 (R) = L 2 (R) × L 2 (R) × L 2 (R)] and similarly for the ro-84 tational accelerations. The squared value in the equation (1) is needed in 85 order to ensure that we can define an abstract inner product in the space 86 of accelerations (in practice, this technical mathematical condition is not a 87 restriction, because accelerations are different from zero only during a finite 88 time interval).
90
A typical injury metric can be represented by a functional, defined on 91 a [convex] set of the Hilbert space L 2 (R) × L 2 (R). Typically this type of 92 functional involves computing integrals, taking maxima or particular values 93 of the acceleration curves (a(t), α(t)) ∈ L 2 (R) × L 2 (R). We can ask for the 94 reasonable mathematical properties of an injury metric to be useful (con-95 tinuity, existence of optimal curves, differentiability, convexity, existence of 96 minima, etc.). In particular we are interested in comparing different pro-cesses of the impact of a human head against the structure of a vehicle or 98 an abrupt deceleration of the head. In order to compare severity, we are 99 particularly interested in curves that imply a complete deceleration after a 
This last property is important because it entails the existence of a mini-123 mum (if the functional Inj(⋅) is strictly convex this minimum is unique), (see 124 theorem 4 of section 6 for details). 
The above formula is a functional over the possible acceleration/decelerations 136 curves a(t) ∈ L 2 (R) and ∆ is the time span for computation (in literature 137 ∆ = 36 ms and ∆ = 15 ms are used). This metric is a scalable, differentiable 138 and convex functional (see section 6). It is important to note that this defi-139 nition of HIC was preceded by other alternative forms, for example Severity 140 Index (SI) [ 
Another metric derived from HIC is the Kleiven Linear Combination 151 (KLC) [9] : 
where f ∈ {a x , a y , a z , α x , α y , α z }, we define the positive and negative component 170 HIP:
Then we define HIP c,t (f ) = max(HIP (9) is:
For monotonic accelerations, this new definition coincides with the old 174 one. This slight redefinition implies that HIP is now scalable, continuous 175 and convex, and thus it is a suitable metric. Computationally, there is not 176 much difference between usual HIP and modified HIP, but with the second 177 one it is guaranteed that an HIP-minimal curve exists.
178
A more sophisticated attempt to combine the functional form of HIC and 179 HIP, is Power Rotation Head Injury Criterion [8] :
This metric is scalable and differentiable. In addition, if in this definition 181 the term HIP t is changed for HIP t the functional is also convex, and the 182 resulting metric is PRHIC ∆ (this last metric is also suitable). 
Cumulative Strain Damage Metric (CSDM) and 184
Brain Injury Criterion (BrIC)
185
CSDM is a metric which requires a FEM computation. CSDM was intended 186 as a predictor for diffuse axonal injury (DAI) [12, 13], i. e. it is an indicator 187 of the probability of damages due to excessive tensile stress in the axons of 188 the neurons. For CSDM, we use the explicit for given in [3]:
where N is the total number of finite elements, and the function φ
where H is the Heaviside step function and ε 0 is the prescribed threshold linear estimator of CSDM using just the peak variables α max and ω max :
where ω max = max t ω(t) and α max = max t α(t) and ω cr , α cr are two 
In our study, we did not find any evidence of the effect of angular accel- 
Relative Motion Damage Metric (RMDM)
219
This metric is an indicator of the probability of damage in the bridge veins 220 between the skull and the brain. A failure in these veins frequently implies 221 a subdural hematoma. It is defined by:
where ⟨x⟩ + = max(x, 0) and ε u is the failure strain which is a function of 223 strain rate (ε), ε k (t) is the strain in the k−th blood vessel, and N v is the 224 number of blood vessels in the model. Experimentally for the failure strain 225 we have:
The condition RMDM > 1 (where RMDM = max t∈R RMDM t ) is an in-227 tended predictor for subdural hematoma. This metric is scalable and contin-228 uous (under mild assumptions, it is also convex, see the Appendix).
230
Collectively, all these measures or metrics have been shown to incorpo-231 rate tissue-level evaluations of injury that are dependent on the duration, 232 magnitude, and direction of applied linear and angular accelerations. 
Data and Methods
236
The empirical data used for this study were a series of pedestrian collisions 237 with Post Mortem Human Subjects (PMHS) performed at the Center for 238 Applied Biomechanics of the University of Virginia (CAB-UVA). The ex-239 perimental setting of the tests was described in detail in [15] . A set of ac-240 celerometers rigidly attached to the skulls of the pedestrians provided the 241 local accelerations. These were filtered to eliminate noise. From a set of 242 different accelerometers strategically located in the head it is possible to 243 compute linear accelerations and angular velocities. The acceleration curves 244 were used for computing the empirical and analytical injury metrics. Em-245 pirical metrics using only kinematic data were computed by a macro. This 246 macro uses data generated by LS-Dyna, for each element in the FE model 247 it is verified if at some instant t, the condition of strain ε max (t) > ε 0 holds, 248 then the volume of the elements satisfying this condition of strain is com-249 puted, this provides the numerator of equation (13), and enables to compute 250 directly CSDM. For computing the analytical metrics, the computed curves 251 were used as an input for the SIMon model (a finite FE model developed with the support of NHTSA [16] ).
253
Twenty seven PHMS were used for the testing. For each test, a set of 254 curves (a(t), ω(t)) ∈ R 3 ×R 3 was obtained. In addition, four computed curves 255 were added to the sample representing a head and body falling from a height. volving SUVs is generally more serious than a typical collision involving a 283 sedan vehicle (see Fig. 2 ). Note that this is not a general rule, in practice.
284
There are reported cases in the literature of pedestrian impacts, where the 285 head-to-vehicle impact is more severe for sedans than for SUVs [17] . The PC 1 is higher for the SUV samples than for sedan samples, and 288 the difference is statistically significant (p−value < 0.004, using an unilateral 
Proposed metrics
295
Many different studies have pointed the importance of abrupt rotations of 296 the head for predicting TBI [8, 10, 18, 20] and, for this reason some au-297 thors tried to generalize the functional form of HIC in order to incorporate 298 the effect of rotation. Experimental data in this study showed that RIC or 299 PRHIC are not adequate generalizations (see Fig. 3 ), in the sense that they 300 are not well correlated with the other well-founded metrics (in particular 301 PRHIC is mainly correlated with a third component factor, not related with 302 PC 1 and PC 2 ). Instead, a more physical justified generalization shows better 303 correlation with the first PC. This generalization uses not the conventional 304 acceleration a of the head (with respect to the inertial reference frame associ-305 ated to the ground), but the "non-inertial" acceleration A (with respect to a 306 non-inertial reference frame associated with the skull), Newtonian mechanics 307 allows us to relate both accelerations as:
Thus GHIC ∆ (a, ω) = HIC ∆ (a + α × r 0 + ω × (ω × r 0 )). This new general-309 ization can be physically justified (probably for this reason it presents higher 310 correlations with the rest of the injury metrics than than RIC or PRHIC 311 which lack a direct physical interpretation). The GHIC ∆ is given by: 
The estimated coefficients a i,0 , a i,max , ω i,0 , ω i,max are given in After analysis of the predictions of many metrics for the same set of data, 346 we found there is a great consistency in the predictions (there are positive 347 correlations among all the metrics, thus in general terms, there is a positive 348 correlation among the predictions of injury probabilities). This is an expected 349 result according to some comparisons reported in the literature [19, 20] .
351
After this comparative study of the metrics, we consider recommend-352 able for any new metric to be suitable and to have consistency with other 353 relevant metrics, in order to be usable for damage minimization and com-354 parability with the proposal of other authors. In addition, among all the 355 metrics satisfying suitability and consistency, we recommend using metrics 356 highly correlated to Principal Factors, and when it is possible, use metrics 357 clearly related to injury mechanisms. The satisfaction of all these proper-358 ties seems to be a good guide for selecting injury metrics. In a previous 359 work [3], we suggested constructing a set of metrics identifying independent 360 injury mechanism for representing the damage risk, and considering two of 361 the proposed metrics GHIC and CHIC as good candidates for measuring the 362 severity of pedestrian-vehicle collision. In addition, a quadratic modification 363 of BrIC, namely GBrIC, seem to improve the ability to predict the value of 364 CSDM, that is a good indicator of the risk of diffuse axional injury. 
386
(with f convex and increasing) are convex. In addition, for a collection 
Suitability of HIC
393
In this section, we prove that HIC ∆ is scalable, differentiable and convex, 394 thus it is suitable. First, from definition (6), we clearly have HIC ∆ (λa) = 395 λ 2.5 HIC ∆ (a) > HIC ∆ (a) (for λ > 1) [thus the functional is suitable]. Second, 396 for differentiability and convexity, we write in the one-dimensional case:
Being f ∈ C 2 and L t 1 ,t 2 ∈ C ∞ for t 2 > t 1 , we have H t 1 ,t 2 ∈ C 2 [thus the 398 function is differentiable]. The second derivative of the functional H t 1 ,t 2 is 399
The last term is always positive if α 1 = α 2 = α, then we have that 401 H t 1 ,t 2 (a)(α, α) > 0 and using theorem 3, we conclude that H t 1 ,t 2 is a convex 402 functional [it can be derived from theorem 5]. Finally using theorem 6 we 403 have that HIC ∆ is convex, and thus suitable. For the general three dimen-404 sional case we need to define L t 1 ,t 2 (a) ∈ R 3 and to replace f (s) = s 2.5 for 405 f (s) = s 2.5 to achieve the same conclusions.
406
Formally, RIC ∆ has the same functional form and domain that HIC ∆ , so 407 it is suitable. On the other hand HIC ∆ is a linear combination of two convex 408 functions (namely, HIC ∆ and ω max = max t ω(t) being scalable, continuous 409 and convex) so it is also suitable. 
This implies that HIP ± c,t is convex, and then so are HIP c,t , HIP t (by the-orem 6). Finally PRCHIC ∆ = HIC ∆ (HIP t ) and thus by theorem 5 is convex
418
(and, trivially, scalable and continuous). 
Suitability of BrIC and GBrIC
438
The norm of a vector ω(t) ↦ ω 2 x + ω 2 y + ω 2 z 1 2 = ω(t) is a scalable, continu-439 ous and convex function. By theorem 5, the functionals ω max ↦ max t ω(t)
440
and α max ↦ max t α(t) are convex, and so is any linear combination of them.
441
T BrIC = ω max ω cr + α max α cr is a scalable, continuous and convex functional 442 and, thus, it is a suitable metric (indeed BrIC(λω, λα) = λ BrIC(ω, α) ).
443
For GBRIC, we have that the functionals f i (t) ↦ f i,max = max t f i (t) (for i ∈ {x, y, z}, f ∈ {a, ω}) are convex, and GBrIC is a linear combinations of 445 terms, being each term a composition of convex functions, then using theorem 446 5 the whole sum is a convex function.
447
6.5 Suitability of RMDM
448
We define f (x, y) = ⟨x⟩ + ε u (y) where ε u is given in equation (19) 
is convex (by theorem 5 again). In addition, RMDM t is continuous being a 459 composition of continuous functions. For seeing that RMDM t is scalable we 460 compute:
A direct computation shows that the function only has local maxima, and 462 that the global minimum is achieved for λ = 1. 
